Third-and fifth-harmonic generation by ultrashort laser pulses in the mid-infrared (mid-IR) reveals nonlinearoptical effects beyond the fifth-order nonlinearity and enables, because of an extraordinarily long coherence length, efficient multiplex frequency upconversion of ultrashort mid-IR pulses. We show that harmonic generation by mid-IR pulses provides an access to the key optical constants of gas media, allowing metrology of linear and nonlinearoptical susceptibilities in the mid-IR and offering a tool for the remote sensing of the atmosphere.
Harmonic generation is one of the fundamental effects in nonlinear optics [1] , enabling efficient frequency conversion [2] , high-resolution microscopy [3] , and advanced attosecond technologies [4] . While high-order harmonic generation in the strong-field regime enables a synthesis of unprecedentedly short field waveforms [4] , low-order harmonics are used for nonperturbing measurements on atomic and molecular systems, giving an access to the key parameters of materials, including their optical susceptibilities. The emerging field of ultrafast nonlinear optics in the mid-infrared (mid-IR) [5] [6] [7] [8] [9] calls for a deeper understanding of optical nonlinearities in the mid-IR. The first experiments on the filamentation of ultrashort mid-IR pulses [10] reveal new regimes of ultrafast nonlinear-optical dynamics of field waveforms in this spectral range, requiring generalization of the existing models of short-pulse evolution and calling for in-depth studies of optical nonlinearities in the mid-IR.
Here, we experimentally demonstrate and theoretically analyze third-and fifth-harmonic generation by 80 fs pulses of 3.9 μm radiation with a peak power up to 0.2 TW in the regime of collimated beams. Experiments were performed with a hybrid optical parametric chirped-pulse amplifier (OPCPA) high-power femtosecond laser system delivering 20 Hz, 80 fs laser pulses at 3.9 μm with an energy up to 12 mJ [5] . A collimated-beam output of this system with a beam diameter of 12 mm was used to generate the third and fifth optical harmonics along a straight propagation path in atmospheric air and in argon in a gas cell. Infrared and visible-UV spectrometers, covering the spectral ranges of 1.2-1.7 μm and 200-1100 nm, respectively, were used to measure the spectra of the third and fifth harmonics. The propagation length was varied with an uncoated BK7 plate inserted in the optical path. This plate provided an efficient attenuation of the mid-IR light, giving no detectable contribution to the harmonic signal. The intensity of optical harmonics was measured as a function of the interaction length by scanning this plate along the beam. In experiments with argon, the BK7 plate, mounted in a plastic holder with a metal stripe, was manipulated inside a gas cell with an external magnet.
Results of third-and fifth-harmonic generation experiments in argon and atmospheric air are presented in Figs. 1 and 2. Intensities of the third and fifth harmonics of 80 fs, 3.9 μm pump pulses measured as a function of the propagation length display clearly resolved, highvisibility fringes, indicating large coherence lengths for harmonic-generation processes. The tilt of blobs representing individual fringes in the harmonic traces in Figs. 2(c) and 2(d) reflects the wavelength dependence of the coherence length of harmonic-generation processes, associated with gas dispersion.
Our model of harmonic generation by ultrashort mid-IR pulses is based on the numerical solution of the generalized Schrödinger equation for the electric field, which has been adapted for the purposes of this work to include the terms describing third-and fifthharmonic generation:
Here z is the coordinate along the propagation direction, E Ẽω; z is the Fourier transform of the electric field E Eη; z, η is the time in the retarded frame of reference, ω 2πc∕λ is the frequency,F is the Fourier transform operator,D kω − kω 0 − ∂k∕∂ωj ω 0 ω − ω 0 is the dispersion operator, ω 0 is the central frequency of the input field, kω ωnω∕c, nω is the refractive index, αω is the absorption coefficient, c is the speed of light in vacuum, and χ m is the mth-order nonlinear susceptibility. Along with direct and cascaded harmonicgeneration processes, Eq. (1), written for the electric field E, includes self-and cross-phase modulation effects, as well as pulse self-steepening. The central frequency in our simulations has been chosen in such a way as to correspond to the central wavelength of the mid-IR source used in experiments, λ 0 2πc∕ω 0 3870 nm. Gas dispersion and absorption has been included through the Sellmeier formula for argon [11] and through the Mathar model [12] with the use of high-resolution transmission molecular absorption (HITRAN) database [13] in the case of atmospheric air [ Fig. 3(b) ]. Numerical analysis shows that ionization and filamentation effects are negligible for the conditions of our harmonic-generation experiments with a nonfocused pump beam, where the maximum pump intensity was kept below 200 GW∕cm 2 . In this regime, some of the key tendencies in harmonic generation can be described in the framework of the standard plane-wave approximation, yielding the following analytical solutions [2] for the amplitudes of the third and fifth harmonics:
where Δk 3 k3ω 0 − 3kω 0 , Δk 5 k5ω 0 − 5kω 0 , and Δk 35 Δk 5 − Δk 3 . The first term in Eq. (3) describes direct fifth-harmonic generation through the fifth-order nonlinear susceptibility, while the second and third terms in this expression include a cascade process where the fifth harmonic is generated through the four-wave mixing of the pump field and its third harmonic. Calculations using Eqs. (2) and (3) provide a remarkably accurate fit for the measured fringes in third-and fifth-harmonic generation ( Figs. 1 and 2) . In particular, the periods of fringes observed for the third and fifth harmonics in Figs. 1 and 2 agree well with the coherence lengths for these processes, estimated as 67 cm for thirdharmonic generation and 15 cm for fifth-harmonic generation in atmospheric air with a temperature of 20°C and a humidity of 50%. This result provides direct experimental verification for the Mathar model [12] of dispersion of atmosphere in the mid-IR.
The approximation of Eqs. (2) and (3) provides a canonical framework for the measurement of the χ 3 and χ 5 susceptibilities [2] . Harmonic generation in argon offers a perfect example of such a metrology. Here, the waveform of the fifth-harmonic fringes [ Fig. 1(c) ] remains unchanged within the entire range of pump intensities used in experiments. The nonlinear response of argon can thus be adequately described in this regime in terms of a perturbative series for nonlinear polarization including only the third-and fifth-order susceptibilities with χ 3 1.8 · 10 −21 cm 2 ∕V 2 and χ 5 3.4 · 10 −36 cm 4 ∕V 4 . However, under conditions of our harmonic-generation experiments in atmospheric air, where the frequency of the mid-IR pump is close to resonances with molecular vibrations, this approximation fails to provide an adequate description for the behavior of the 5ω 0 signal as a function of the pump intensity. Indeed, a striking feature of the fifth-harmonic signal seen in Figs. 1(d)-1(f) is that the waveform of its fringes depends on the pump intensity. This behavior is inconsistent with Eq. (3), which predicts the I 5 scaling for both direct and cascaded fifthharmonic terms with the pump intensity I. This effect cannot be explained in terms of a perturbative treatment of the nonlinear polarization including only the χ 3 and χ 5 terms, directly indicating the influence of high-order optical nonlinearities and suggesting a method for measuring high-order nonlinear-optical susceptibilities. The minimum set of nonlinear-optical susceptibilities found from the best fit of the numerical solution of Eq. (1) for the experimental results is χ 3 1.1 · 10 −21 cm 2 ∕V 2 , χ 5 3.1 · 10 −36 cm 4 ∕V 4 , χ 7 −1.0 · 10 −50 cm 6 ∕V 6 , and χ 9 −1.8 · 10 −67 cm 8 ∕V 8 . Within the studied range of intensities, this set of nonlinear susceptibilities gives a rapidly converging series. For I 200 GW∕cm 2 (the maximum pump intensity in this work), the χ 5 , χ 7 , and χ 9 terms give 40%, 18%, and 0.05% corrections to the χ 3 term in the perturbative series for the nonlinear polarization of the gas. Since the frequency arguments of nonlinear susceptibilities related to harmonic generation are different from the frequency arguments of susceptibilities controlling spatial self-action, the results presented above cannot be directly compared with the available data [14] for nonlinear refractive indices n 2 and n 4 .
Vibrations of H 2 O, CO 2 , and N 2 molecules lying in the 3.9-4.5 μm wavelength range [Figs. 3(a) and 3(b)] enhance optical nonlinearity and the sensitivity of gas dispersion in the mid-IR to the content of these molecules in a gas mixture and the gas temperature. Experiments performed in the atmospheric air with a variable content of H 2 O molecules suggest that the enhancement of third-and fifth-harmonic generation in our experiments is largely due to the three-photon-quasiresonant band of H 2 O molecular vibrations centered at about 1400 nm. Simulations presented in Figs. 3(c) and 3(d) show how the fringes of the fifth-harmonic change in response to variations in the temperature and humidity of atmospheric air, suggesting harmonic generation with mid-IR pump as a convenient method for the remote sensing of the atmosphere.
In summary, third-and fifth-harmonic generation by ultrashort mid-IR pulses, enhanced because of an extraordinarily long coherence length, reveals nonlinearoptical effects beyond the fifth-order nonlinearity. We have shown that optical harmonic generation by mid-IR pulses provides an access to the key optical constants of gas media, allowing metrology of high-order nonlinearoptical susceptibilities and offering a tool for the remote sensing of the atmosphere. With the wavelengths of the seventh and ninth optical harmonics of the 4 μm pump also falling within the transparency range of a broad variety of atomic and molecular gases and allowing comfortable detection, the collimated-beam geometry of harmonic generation demonstrated in this work can be readily generalized to the metrology of higher order nonlinear susceptibilities.
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